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Abstract. Let A™ be the ball \x\ < 1 in the complex vector space <C n , let 
/ : A™ — + C n be a holomorphic mapping and let M be a positive integer. 
Assume that the origin = (0, . . . , 0) is an isolated fixed point of both / and 
the M-th iteration f M of /. Then for each factor m of M, the origin is again 
an isolated fixed point of / m and the fixed point index fifm(0) of f m at the 
origin is well defined, and so is the (local) Dold's index (see [S]) at the origin: 

iV(/.0)= (-1) # V/m-(0), 

rCP(M) 

where P(M) is the set of all primes dividing M, the sum extends over all subsets 
r of P(M), #r is the cardinal number of r and M : r = Af(TT_ p £ T p) -1 . 

Pm (ft 0) can be interpreted to be the number of periodic points of period 
M of / overlapped at the origin: any holomorphic mapping fx : A" — » C" 
sufficiently close to / has exactly Pm(/j0) distinct periodic points of period 
M near the origin, provided that all the fixed points of f" near the origin are 
simple. Note that / itself has no periodic point of period M near the origin. 

According to M. Shub and D. Sullivan's work 1111 . a necessary condition so 
that 0) ^ is that the linear part of / at the origin has a periodic point 

of period M. The goal of this paper is to prove that this condition is sufficient 
as well for holomorphic mappings. 



1. Introduction 

1.1. Counting periodic points by the Mdbius Inversion Formula. To intro- 
duce Dold's index, we first present a formula for counting periodic points. Let E be 
a finite set and let h be a mapping from E into itself. Then, for each positive integer 
to, the m-th iteration h m of h is well defined by h° = id, h 1 = h, . . . , h m = hoh m ~ 1 , 
successively. An element p S E is called a periodic point of h with period too if 
h m °(p) = p but h m (p) ^ p for to = 1,2,..., too — 1. Thus, the period is the smallest 
positive integer mo such that h m ° (p) = p. 

For each positive integer to, we denote by Fix(/i m ) the set of all fixed points of 
h m , by C(h m ) the cardinality of Fix(/i m ) and by V m (h) the number of all periodic 
points of h with period to. For a given positive integer M, let us derive the expression 
of the number VM(h) in terms of the numbers C(h m ). 

For each factor M' of M and each p £ Fix(ft, M ), p must be a periodic point of 
period to for some factor to of M' (see Lemma \AA\ . Thus 

(1.1) £{h M ') = Y "Pm(h), for all M' £ N with M'\M, 

m\M' 
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where N is the set of all positive integers, the notation M'\M indicates that M' 
divides M and, for each M', the sum extends over all factors to of M'. Then we 
can solve the system of linear equations with unknowns V m {h), m\M. By the 
famous Mobius Inversion Formula (see [S]), the solution for Vu{h) can be expressed 
in terms of the numbers C{h M ) with M'\M as 

(1.2) v M (h)= M) #r £(^ M:T ), 

t<ZP(M) 

where P(M) is the set of all primes dividing M, the sum extends over all subsets 
r of P(M), j^T is the cardinal number of r and M : r = A/(J| per p) -1 . Note that 
the sum includes the term C(h M ) which corresponds to the empty subset t = 0. If 
M = 12 = 2 2 • 3, for example, then P(M) = {2, 3}, and 

V 12 (h) = £(h 12 ) - C{h A ) - C(h e ) + C{h 2 ). 

1.2. Fixed point indices of holomorphic mappings. Let C™ be the complex 
vector space of dimension n, let U be an open subset of C" and let g £ 0(U, C n ), 
the space of holomorphic mappings from U into C". 

If p € U is an isolated zero of g, say, there exists a ball B centered at p with 
B C U such that p is the unique solution of the equation g(x) — (0 is the origin) 
in B, then wc can define the zero order of g at p by 

w ff (p) = #(.9^(9) n S) = #{x S B; ff (a!) = q}, 
where q is a regular value of g such that \q\ is small enough and # denotes the 
cardinality. n g (p) is a well defined integer (see [3] or f° r the details). 

If g is an isolated fixed point of g, then q is an isolated zero of the mapping 
id — g : U — > C™, which puts each x E U into a; — g(a;) G C™, and then the /ixerf 
point index fJ. g (q) of 5 at q is defined to be the zero order of id — g at q : 

v 9 {q) = K ld - g {q)- 

If q is a fixed point of g such that id — g is regular at q, say, the Jacobian matrix 
Dg{q) of g at q has no eigenvalue 1, q is called a simple fixed point of g. By Lemma 
12.21 a fixed point of a holomorphic mapping has index 1 if and only if it is simple. 

Actually, the zero order defined here is the (local) topological degree, and the 
fixed point index defined here is the (local) Lefschetz fixed point index, if g is 
regarded as a continuous mapping of real variables. See the Appendix section for 
the details. 

1.3. The local Dold's indices for holomorphic mappings. Let A™ be the ball 
\x\ < 1 in C" and let / S 0(A n , C"). If the origin = (0, . . . , 0) is a fixed point of 
/, then for any positive integer to, the m-th iteration f m of / is well defined in a 
neighborhood V m of the origin. 

Now, let M be a positive integer and assume that the origin is an isolated fixed 
point of both / and f M . Then for each factor to of M, the origin is an isolated 
fixed point of f m as well and the fixed point index /i/m(0) of f m at the origin is 
well defined. Therefore, we can define the (local) Dold's index [S] similar to (|1.2I) : 

(1.3) iV(/,0)= Yl (-1) #T /W0). 

rCP(M) 

The importance of this number is that it can be interpreted to be the number 
of periodic points of / of period M overlapped at the origin: 
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For any ball B centered at the origin, with B C A n , such that f M has no fixed 
point in B other than the origin, any f\ S 0(A™, C") has exactly Pm(/, 0) mutually 
distinct periodic points of period M in B, provided that all fixed points of /j in 
B are simple and that f\ is sufficiently close to /, in the sense that 

11/ -/ill a« - sup |/(a;)-/i(a!)| 

i£A" 

is small enough (see Corollaru \2.1\ fiii) and Lemma \2.J\ (H))- 

Note that / itself has no periodic point of period M in B. This gives rise to an 
interesting problem: 

Problem 1.1. What is the condition under which Pm(/, 0) 7^ 0? 

By Corollary 12. 41 this is equivalent to ask 

Problem 1.2. What is the condition under which there exists a sequence of holo- 
morphic mappings fj : A" — > C" such that 

(1) fj uniformly converges to f in a neighborhood of the origin, and 

(2) each fj has a periodic point of period M converging to the origin as j — > 00? 

According to M. Shub and D. Sullivan's work a necessary condition such 
that Pm(/, 0) 7^ is that the linear part of / at the origin has a periodic point of 
period M (see Lemma [2.61 and its consequence Lemma [2.71 (i)). The term "linear 
part" indicates the linear mapping / : C" — > C™, 

n n 
l{x\, ■ ■ ■ , X n ) • • • ; ^ ^nj^i)) 

i=i i=i 

where (ay) = Df(0) = (^-)|o is the Jacobian matrix of / at the origin. 
The goal of this paper is to prove that this condition is sufficient as well: 

Theorem 1.1. Let M be a positive integer and let f : A™ — * C™ be a holomorphic 
mapping such that the origin is an isolated fixed point of both f and f M . Then 

(1.4) P M (/,0)>0 

if and only if the linear part of f at the origin has a periodic point of period M. 

When M = 1, this theorem is trivial, since any linear mapping has a fixed point 
at the origin and by the assumption on / and Lemma [2.21 Pi(/, 0) = /i/(0) > 0. 
When M > 1, by Lemma f2. 51 the conclusion in Theorem II. II can be restated as: 

Corollary 1.1. Pm(/, 0) > if and only if the following condition holds. 

Condition 1.1. There exist positive integers mi,...,m s (s < n) such that their 
least common multiple is M and that Df(0) has eigenvalues that are primitive 
m\-th, . . . , m s -th roots of unity, respectively. 

A complex number A is called a primitive m-th root of unity if A'™ = 1 but X 1 =/= 1 
for j = 1, 2, . . . ,m — 1. Simple examples show that the sufficiency in Theorem II . II 
fails when the mapping / is not holomorphic. 

For positive integers m, ...,njt, their least common multiple will be denoted 
by [ni, . . . , nk]. A linear mapping that has periodic points of periods m, . . . , 
must have periodic points of period [m, . . . , rife]. From this fact and Theorem ll.fi 
we can conclude directly that if a holomorphic mapping has periodic points of 
periods ni, . . . , rife overlapped at a fixed point, then it has periodic points of period 
[ni, . . . , rife] overlapped at that fixed point, say precisely, we have: 
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Corollary 1.2. Let f : A™ — > C" be a holomorphic mapping such that the origin 
is an isolated fixed point of f, f n± , . . . , f nk , where m, . . . , are positive integers. 
If P n . (/, 0) > for all j = 1, . . . , k, and if the origin is an isolated fixed point of 
/[»!.-."*], then 

I' , (/,0) 

Now, let M e N\{1} (N is the set of all positive integers) and let / : A n —> C" 
be a holomorphic mapping such that the origin is an isolated fixed point of both / 
and f M , and that Df(0) satisfies Condition ll.il We shall make some remarks on 
the inequality (|1.4|) . 

When n = 1, i|1.4fl is known, and can be deduced as follows. In this case, 
Condition 11.11 means that Df(0) is a primitive M-th root of unity, and then, for 
each j = 1, . . . , M — 1, the origin is a simple zero of the one variable holomorphic 
function x — f J (x), which implies /^./j(O) = 1- Therefore, l|1.3f) becomes 

M/,o) - m/m(o)+ £ (-i) #T 

rCP(M) 
#P(Af) 



i»/m(0)+ ^ (-l) fe (^ #p(M) J = M/ „(0)-l, 



and then (|1.4|l is equivalent to 

(1.5) /i/M(0)-l>0. 

On the other hand, since (Df M )(0) = (Df(Q)) M = 1, the origin is a zero of the 
holomorphic function x — f M {x) with order at least 2. Thus, i|1.5|) holds. In fact, 
in this case /xjm(O) = kM + 1 for some positive integer k (see \W\). 

When n = 2, (|1 .4|1 follows from a result obtained by the author in |14j : the 
sequence in Problem 11.21 exists when Df(0) satisfies Condition 11.11 For n = 2, 
Condition II . II implies that either (i) Df(0) has an eigenvalue A that is a primitive 
M-th root of unity, or (ii) the two eigenvalues of Df(0) are primitive mi-th and 
m2-th roots of unity, respectively, and M = [mi, 1712] > max{mi,TO2}. 

The inequality (|1.4|) is easy to prove in the first case (i): it can be dealt with as 
the above one dimensional case by a small perturbation. 

In the second case (ii), (|1.4ll is equivalent to 

(1.6) n f M(0) - w»i(0) - fi/» a (0) + 1 > 0. 

In fact, in this case, mi \ m 2 , m 2 \ mi, and then the origin is a simple fixed point 
of / with /i/(0) = Pi(f, 0) = 1 and by Lemma 1231 each periodic point of the linear 
part of / at the origin only has period 1, mi,m,i or M = [7711,7712]. Therefore, by 
Shub and Sullivan's work (see Lemmas 12 . 61 and 12 . 71 (i) ) . we have 

M /« (0) - P M (/, 0) + P mi (/, 0) + P m2 (/, 0) + 1 , 

/i/-i(0) = P m ,(/,0) + l,j = l,2, 

and then we have 

P M (f,0) = M/-(0) - (0) " fX f m 2 (0) + 1, 

and the equivalence of 11.4|l and H1.6|l follows. 

The inequality H1.6|l is obtained by the author in |14j , which is the key ingredient 
in mj for solving Problem ll.2l for n = 2. When 77 > 2, the perturbation method 
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used to prove inequalities such as (|1.5|) and (|1.6J) . which strongly depends upon one 
variable complex analysis, no longer works directly. 

Fortunately, we can make up this shortage by involving an elementary result of 
the normal form theory. In Section [2] we shall introduce some results about fixed 
point indices of iterated holomorphic mappings for later use. Most of them are 
known. In Section we shall compute Dold's indices for mappings in a special 
case. Then, in Sections 0] and El we shall show that the general case can be reduced 
to the special case considered in Section [31 by small perturbations and coordinate 
transformations, and the inequality (|1.4I) will finally be proved in the general case. 
The necessity in Theorem 1 1 . 1 1 will be proved by the way. 

2. Some properties of fixed point indices of holomorphic mappings 

In this section we introduce some results about fixed point indices of iterated 
holomorphic mappings for later use. Most of them are known. 

Let U be a bounded open subset of C™ and let / € 0(U,C n ), the space of 
holomorphic mappings from U into C™. If / has no fixed point on the boundary 
dU, then the fixed point set Fix(/) of / is a compact analytic subset of U, and then 
it is finite (see 0]); and therefore, we can define the global fixed point index L(f) 
of / as: 

L{f)= E M/(P), 

pGFix(/) 

which is just the number of all fixed points of /, counting indices. L(f) is, in fact, 
the Lefschetz fixed point index of / (see the Appendix section for the details). 
For each m € N, the m-th iteration f m of / is understood to be defined on 

K m (f) = ^~^r k {U) = {xeU; f k (x) G U for all k = 1, . . . , m - 1}, 

which is the largest set where f m is well defined. Since U is bounded, K m (f) is a 
compact subset of U. Here, f° = id. 

Now, let us introduce the global Dold's index. Let JfeN and assume that f M 
has no fixed point on the boundary dU. Then, for each factor m of M, f m again has 
no fixed point on dU, and then the fixed point set Fix(/ m ) of f m is a compact subset 
of U, since Fix(/ m ) is a closed subset of K m (f) and K m (f) is a compact subset of 
U. Thus, there exists an open subset V m of U such that Fix(/ m ) C V m C V m C U 
and f rn is well defined on V m , and thus L(f m \— ) is well defined and we write 
-^(/ m ) = L(f m \Tr-), where f m \Tr~ is the restriction of f m to V m . In this way, we 
can define the global Dold's index (see [H]) as (|L2|I : 

(2.i) p M (f)= J2 (-i) #r £(/ M:T )- 

rCP(M) 

It is clear that, for any m E N and any compact subset K of U with Ll™^/-? (K) C 
U, there exists a neighborhood V C U of K, such that for any g 6 0(U,C n ) suffi- 
ciently close to / (in the sense that | \g — f\ | jj = max^g-jj \g(x) — f(x) \ is sufficiently 
small), the iterations g J , j = 1, . . . ,m, are well defined on V and 

\\g - J% - max \\g* - f\\ v - 0. 

l<j<m 

We shall use these facts frequently and tacitly. 
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The following result follows from Rouche's theorem for equidimensional holo- 
morphic mappings directly. 

Lemma 2.1 ( 9 ). Let U be a bounded open subset ofC n , let f 6 0(U,C n ) and 
assume that f has no fixed point on the boundary dU. Then: 

(1) f has only finitely many fixed points in U and for any g S 0(U, C n ) that is 
sufficiently close to f (\\f — g\\jj is small enough), g has no fixed point on dU, has 
only finitely many fixed points in U and satisfies 

L(g)= E Mp)= E m/(p) = £(/); 

pGFix( ff ) peFix(/) 

say, the number of fixed points of g, counting indices, equals to that of f. 

(2) In particular, if pa € U is the unique fixed point of f in U and if \\f — g\\jj 
is small enough, then 

L (g)= E /^(p) = M/ (Po) = £(/), 

p6Fix(p) 

and furthermore, if in addition all fixed points of g are simple, then 

L(g) = #Fix{g) = n f (po). 

Corollary 2.1. Let M be a positive integer, let U be a bounded open subset ofC n , 
let f £ 0(U, C n ) and assume that f has no fixed point on dU . Then: 

(i) . There exists an open subset V of U, such that f is well defined on V, has 
no fixed point outside V, and has only finitely many fixed points in V. 

(ii) . For any g £ 0(U,C n ) sufficiently close to f, g M is well defined on V, 
has no fixed point outside V and has only finitely many fixed points in V; and 
furthermore, 

L(g M ) = L(f M ), P M (g)=PM(f). 
(Hi). In particular, if po € U is the unique fixed point of both f and f M in U, 
then for any g G 0(U, C n ) sufficiently close to f , 

L(g M ) = L(f M ) = /i/«(Po), Pm (<?) - P M (f) - P M (f,Po). 

Remark 2.1. Under the assumption that f M has no fixed point on dU, for any 
factor m of M, the conclusions (i)-(iii) remain valid if M is replaced by m, since 
f ' m has no fixed point on dU as well. 

Proof. Recall that the domain of definition of f M is the set 

K M {f) = n^f-^U) = {xeU; f k {x) e U for all k = 1, . . . , M - 1}, 

which is a compact subset of U, where f° = id. Then the fixed point set Fix(/ M ) 
of f M equals to {x € KM{f)] f M (x) = x}, which is a compact subset of Ki^if)- 
Therefore, by the assumption that f M has no fixed point on dU, Fix(/ M ) is a 
compact subset of U, and then there exists an open subset V of U with U' C U, 
such that Fix(/ M ) C U'. 

Thus, for the open set V — n^g 1 f~ k {U'), we conclude that f M has no fixed 
point outside V. On the other hand, since V C f-^U 7 ) C K M {f), f M is well 

defined on V. Therefore, f M has only finitely many fixed points in V by Lemma 
12.11 and hence (i) holds for this open set V; and furthermore, we have 

(2.2) f k (V) cW CU, for all k = 1, . . . , M - 1. 
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Now, let g £ 0(U,C n ). To prove (ii), we first prove: 

(iv). If ||/ — g\\jj is small enough, then g M is well defined on V and has no fixed 
point outside V. 

Clearly, V is compact. Therefore, by (|2.2[l . if ||/ — g\\u is small enough, then 
g k (V) C U for all k = 1, . . . , M - 1, and then ,g M is well defined on V. 

Thus, if (iv) fails, then there exists a sequence {gj} C 0(U,C n ), uniformly 
converging to /, such that for each j, gj 1 is well defined on V and gj 1 has a fixed 
point pj G U\V. Since U\V is compact, we may assume that 

(2.3) pj as j -> oo, 

for some p G U\V. 

But then, we can prove a contradiction: f M (p) is well dehned and 

(2.4) f M (p)=P, 

which contradicts the proved conclusion that f M has no fixed point outside V. 
What gj has a fixed point pj means that gj 1 is well defined at pj , say, 

(2.5) g k j{pj) G U for all k = 1, . . . , M, 
and 

(2-6) flf(Pi)=Pi. 

We first show that for each k E N with k < M, f k {p) is well defined and 

(2.7) f k (p) G 17 and |/ fc (p) - -» as j -» oo. 

We prove this by induction on k. By (|2.3(l . by the continuity of / at p, and by 
the uniform convergence of gj (note that f(p) is well defined), we have 

\f(p) ~ 9j(Pi)\ < \M - f(Pj)\ + \f(Pj) - 9 3 {Pj)\ -> 0, as j -> oo. 

Then by (|2.5(l we have f(p) G f . Therefore, the conclusion is true for fc = I. 

Let t be any positive integer with t < M and assume that the conclusion is valid 
for k = t. Then /*(p) G Z7, and then by l|2.5|l . both f t+1 {p) and /(ffj(p 3 -)) are wel1 
defined. Therefore, again by the induction hypothesis, by the continuity of / at 
/'(p) and by the uniform convergence of gj we have 

\r +i (p) -9- +i (pj)\ < \fu\p)) - mipM + i/^(Pi)) -5j0?5(Pi))i 

— * as j — > oo, 

which implies f t+1 (p) G J7 by l|2.5|l . Therefore, the conclusion is true for fc = t + f . 
This completes the induction. 

By (E3, f M {p) is well defined and \ f M {p) - ^(Pj)| tends to as j tends to 
oo, and then (|2.4|) holds by l|2.3|l and l|2.6|l . This completes the proof of (iv). 

By (iv) and Lemma [2. II if ||/ — g\\jj is small enough, then the set of all fixed 
points of g M is contained in V and is finite. 

It is clear that (iv) remains valid if M is replaced by any factor m of M. On the 
other hand, if 1 1/ — g\ \ jj is small enough, then | \g m — f m \ \y is also small enough for 
all factors m of M. Therefore, if ||/ — g\\jj is small enough, then by (i), (iv) and 
Lemma 12. II we have 

L(f m ) = L{f n \y) = L{g m \ v ) = L(g m ), for all factors m of M, 

and then Pm(I) — Phi{g) by the formula l|2.1|l . and (ii) is proved. 



s 



GUANG YUAN ZHANG 



By the hypothesis in (iii) and the definitions, we have //fir(po) = L(f M ) and 
Pm(/,Po) = Pm(J), and then (iii) follows from (ii) directly. □ 

Lemma 2.2 ( 9 ). Let U be an open subset of C™ , let f £ 0(U,C n ) and assume 
that p £ U is an isolated fixed point of f. Then tif(p) > 1, and equality holds if and 
only if p is a simple fixed point of f , say, Df(p) has no eigenvalue 1. 

Corollary 2.2. Let U be a bounded open subset of C", let f £ 0(U,C n ) and 
assume that f has no fixed point on dll. If f has a periodic point p £ U with 
period M , then any g £ 0(U,C n ) that is sufficiently close to f has a periodic point 
with period M in U. 

Proof. By the assumption, p, f(p),...,f M ~ 1 (p) are distinct each other and all 
located in U, and moreover, by Corollarv l2.1l fi). p is an isolated fixed point of f M . 
Therefore, there exists a ball B in U centered at p such that p is the unique fixed 
point of f M in B and, for any g £ 0(U , C") such that \\g — f\\jj is small enough, 
g M is well defined on B and has no fixed point on dB, and 

(2.8) Bng k (B) = <D,l<k<M-l. 

Therefore, by Lemmas I2.1l and l2.2l if \\g — f\\jj is small enough, then 

= L{9 M \b) = HJ M \b) = M/m(p) > 1, 

9 GFix(g M I-b-) 

and then g M has a fixed point q in B, and by Q2.8JI . q is a periodic point of g with 
period M, □ 

A fixed point p of / is called hyperbolic if Df(jp) has no eigenvalue of absolute 
1. If p is a hyperbolic fixed point of /, then it is a hyperbolic fixed point of all 
iterations / J , j £ N. 

Lemma 2.3. Let M be a positive integer, let U be a bounded open subset ofC n and 
let f £ 0(U, C"). Assume that V is an open subset ofU such that f M is well defined 
on V and has no fixed point on dV . Then there exists a sequence {fj} C 0(U, C"), 
uniformly converging to /, such that for each j, f^ is well defined on V and all the 
fixed points of f^ 1 located in V are hyperbolic. 

A proof of this result follows from the argument in [2]. Another proof can be 
found in |15j . 

Corollary 2.3. Let M be a positive integer, let U be a bounded open subset ofC n , 
let f £ 0(U,C n ) and assume that f M has no fixed point on dll. Then there exists 
a sequence {fj} C 0(U,C n ), uniformly converging to /, such that f^ 1 has only 
finitely many fixed points, all of which are hyperbolic, for each j. 

Proof. By the hypothesis, Corollary 12 . II applies. Thus, the conclusion follows from 
applying Lemma T2. 31 to / : U — > C" and the set V given by Corollary 12. II □ 

Lemma 2.4. Let M be a positive integer, let U be a bounded open subset of <C n 
and let f £ C([/,C n ). Assume that f M has no fixed point on dU and each fixed 
point of f M is simple. Then Fix(/ M ) is finite, and 
ft). L(f M ) = #Fix(/^) = £ m ,M P m (f). 

(ii). Pjw(/) is the cardinality of the set of periodic points of f with period M. 
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Proof. This was proved in jjj. In fact, each fixed point of f m with m\M is also 
simple, and then it has index 1. On the other hand, by Corollary 12. II (i), for each 
factor m of M, Fix(/ m ) is finite, and then L(f m ) is equal to the cardinality of 
Fix(/ m ). Therefore, (i) and (ii) follows from the argument in Section ITTI (see also 
0, p. 421-422). □ 

Corollary 2.4. Let M be a positive integer and let f £ C(A",C"). Assume that 
the origin is an isolated fixed point of both f and f M . Then Pm(/,0) > 0, and 
furthermore, the following three conditions are equivalent. 

(a) . P M (/,0)>0. 

(b) . There exist a ball B C A" centered at the origin and a sequence {fj} C 
0(B,C n ) uniformly converging to f on B, such that for each fj, 

(2.9) / J (0) = 0andP M (/ 3 ,0)>0. 

(c) . There exist a ball B C A" centered at the origin and a sequence {fj} C 
0(B,C n ) uniformly converging to f on B, such that each fj has a periodic point 
of period M converging to the origin. 

By the following proof, the ball B in (b) and (c) can be replaced with A™. 

Proof. By the hypothesis, there exists a ball B\ C A n centered at the origin such 
that f M is well defined on B\ and 

(2.10) Bl n Fix(/) = B[ n Fix(/ M ) = {0}. 
Then by the definition we have 

(2.H) Pm(/,0) = P m (/|st), 

and, by Corollary 12 . II and Lemma \'2. 31 there exists a g £ 0(A n , C"), which can be 
chosen arbitrarily close to /, such that g M is well defined on B\ , all fixed points of 
g M located in B\ are hyperbolic and 

(2.12) 9Pi n Fix( ff M ) = and P M (g\ W ) = Pu(/ 1^). 

By Lemma \'2. 41 we have PmCs'IbT") > 0, and then we have Pm(/, 0) > 0. It remains 
to prove the equivalences. 

If Pm(/, 0) > 0, then we have by jQH and 632) tnat Pu^Ibt) > 0, and then 
again by Lemma 12.41 g has a periodic point x g of period M in B\, which converges 
to the origin as g uniformly converges to /, by l|2.10|) . Thus, (a) implies (c). 

If there exist a ball B C A™ and a sequence {fj} C 0(B,C n ) satisfying (6) or 
(c), then we may assume P = Pi, by shrinking P or B\. Then by p.lOfl . (|2.11() 
and Corollary 12. II for a sufficiently large j = jo, we have 

(2.13) dBt n Fix(///) = and P M (f, 0) = P M (f\ W ) - Pv/(/ j0 ), 

and then by Corollaries 12.11 and 12 . 31 there exists an h £ C(Pi,C n ), which can be 
chosen arbitrarily close to fj , such that 

(2.14) dBx n Fix(fo M ) - and P M {h) = P M (fj ), 

and that all fixed points of h M are hyperbolic. 

If (c) holds, then by Corollary 12.21 h may be taken so close to fj that h has 
a periodic point of period M, and then by Lemma \'2. 41 Pia(h) > 0. Therefore, by 
(I2.13|l and 12.14|l . we have P M (/, 0) > 0, and hence, (c) implies (a). 
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By the first part of (|2.13|) and Corollarv l2.ll there exists a ball B 2 C B\ centered 
at the origin such that f^ has no fixed point in B 2 other than the origin. Therefore, 
if (b) holds, then again by Corollarv l2.il we may take h so close to fj that 

P M (h\^) = Pm(U^) = PuU J ioJ 0) > 0, 

and all the above properties of h remain. But then h has a periodic point in B2 
of period M, by Lemma f2. 41 Since all fixed points of h M are hyperbolic, again by 
Lemma l2~4l we have Pm(/i) > 0, and then by (|2.13|) and l|2.14|) we have P M (/, 0) > 
0, and then (b) implies (a). 

It is trivial that (a) implies (b). This completes the proof. □ 

Lemma 2.5. Let L : C™ — * C n be a linear mapping and let M > 1 be a positive 
integer. Then L has a periodic point of period M if and only if there exist positive 
integers mi, . . . , m s (s < n) such that M — [mi, . . . , m s ] and that L has eigenvalues 
that are primitive m\-ih, . . . , m s -th roots of unity, respectively. 

This is a basic knowledge of elementary linear algebra. Recall that [mi, . . . , m s ] 
denotes the least common multiple of mi , . . . , m s . The following result is due to 
M. Shub and D. Sullivan [llj . It is also proved in |15j . 

Lemma 2.6. Let m > 1 be a positive integer and let f € 0(A n , C n ). Assume that 
the origin is an isolated fixed point of f and that, for each eigenvalue A of Df(0), 
either A = 1 or A m =/= 1 . Then the origin is still an isolated fixed point of f m and 

H f (P) = fi fm (0). 

Corollary 2.5. Let m > 1 be a positive integer and let f G C(A™,C"). Assume 
that the origin is an isolated fixed point of both f and f m , and that the linear part 
of f at the origin has no periodic point of period m. Then there exists a ball B 
centered at the origin, such that for any g £ 0(A n ,C") that is sufficiently close to 
f on B, g has no periodic point of period m in B. 

Proof. This was proved in |3] and |14j for C 1 mappings. Here we give a much 
simpler proof. If the linear part of / at the origin has no periodic point of period 
m, then by Lemma l2.5l for the least common multiple m* of all numbers of the set 

{m S N; m'|m and Df(0) has an eigenvalue that is a primitive m'-th root of 1}, 

we have m*|m and m* < m (if the above set is empty, then write m* = 1), and 
each eigenvalue A of Df(0) with A m = 1 satisfies A™ 1 = 1. Then for d = m/m* 
and for any eigenvalue 77 of Df m (0), either 77 = 1 or -q d ^ 1, which implies that 
for each factor d\ of d, either 77 = 1 or r/ dl ^ 1. Therefore, by the above lemma, 
Hfm.* (0) = lArfmt^di (0) for any factor d\ of d, and then 

P4f m \o)= E (-i) # > ( /-)^(0) = (o) J2 (~i) #T = o. 

rCP(d) rCP(d) 

If the conclusion of the corollary fails, then there exists a sequence {fj} C 
C(A™,C n ), uniformly converging to / in a neighborhood of the origin, such that 
fj has a periodic point Xj with period m converging to the origin, and then /J™ 
uniformly converges to f m in a neighborhood of the origin and Xj is a periodic 
point of /™ with period d converging to the origin, and then by Corollary 12.41 we 
have Pd{f m , 0) > 0. This is a contradiction, and the proof is complete. □ 
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Lemma 2.7. Let f E C(A",C Tl ) with /(0) = 0, and let 

Wlf — {m € N; the linear part of / at has a periodic point of period m}. 
Then: 

(i) . For each m g N\97l/ such that the origin is an isolated fixed point of / m , 

P ro (/,0)=0. 

(ii) . For each positive integer M such that the origin is an isolated fixed point 
off M , 

(2.15) M/m(0)= £ W^)- 

meWlf, m\M 

Proof. This was essentially proved in [3] in a more complicated setting for C 1 
mappings. Here we give a much simpler proof. 

(i) follows from Corollaries l2 . 41 and 12 . 51 directly. To prove (ii), let M be a positive 
integer such that the origin is an isolated fixed point of f M . Since all quantities 
in (|2.15l) are completely determined by the local behavior of / near the origin, by 
shrinking A™, we may assume that the origin is the unique fixed point of both 
/ and / . Then, the origin is the unique fixed point of f m for each factor m of 
M, and then by Corollaries 12.11 (iii) and 12.31 there exists a holomorphic mapping 
g : A™ — * C™ sufficiently close to /, such that g M has no fixed point on d A™, all 
fixed points of g M are hyperbolic and 

(2.16) fifuiO) = L{g M ), P m (f,Q) = P m {g) for each m\M. 
Now, Lemma 12 .41 applies to g, and we have 

L(g M ) = Y\ Pm{g). 



m\M 



Therefore, by (|2.1(il) and (i) we have 

m\M m\M mGSDI/, m\M 

This completes the proof. □ 

It is well known that the fixed point index is invariant after any biholomorphic 
transformation of coordinate, and therefore, so is the Dold's index, by the definition. 
Thus we have: 

Lemma 2.8. Let f,h € 0(A™,C™) and let k be a positive integer such that the 
origin is an isolated fixed point of both f and f k . Assume h(0) = and det Dh(0) ^ 
and write g — ho f o h . Then the origin is still an isolated fixed point of both 
g and g k , fi f h(0) = /i g fe (0) and P fc (/,0) = P k (g,0). 

3. Computations of Dold's indices under Conditions I3.1H3.5I 

In this section, we shall apply Cronin's theorem to compute Dold's indices (at 
the origin) of the holomorphic mapping / = (/i, . . . , /„) : A™ — > C™ given by 

^ I fj(x\, . . . , x n ) — ^jXj + Xj 53j=i a ji x i 1 + °3 ') J ' = 1j ■ ■ ■ j s i 

| f r (xi > ...,x n )= \i r x r + R r , r = s + 1, . . . ,n, 
associated with the following five conditions. 



12 



GUANG YUAN ZHANG 



Condition 3.1. Ai, . . . , X s are primitive mi-th, . . . ,m s -th roots of unity, respec- 
tively, and mi, . . . , m s are mutually distinct primes. Thus, mi > 2, . . . , m s > 2. 

Condition 3.2. •••">•« ^ l for each r = s + 1, . . . ,n. 

Condition 3.3. Each principal submatrix 1 of A = (aji) is invertible. 

Condition 3.4. Each Oj is a power series of the form 

Oj (%l j • • • 3 %n) — 2Cj hj (^1 3 ■ ■ ■ 3 %s ) Oj (%l 3 ■ ■ ■ 3 ^n) 3 

such that hj (a;™ 1 , . . . , x™ s ) is a polynomial in x™ 1 , . . . , x™" of the form 

(3.2) h s (x?i ,...,x™*) = Yl <ii.,....u o*r r (xT 2 ) 12 ■ ■ ■ «° T° 3 

il+faH hi s =2 

in which Nj is a positive integer and all c[ ii2 4 are constants, and that o'j (xi , . . . , x n ) 
is a power series in xi, . . . , x n , consisting of terms of degree larger than (mi . . . m s ) 2 . 

Condition 3.5. Each R r is a power series in x\, . . . ,x n consisting of terms of 
degree > 2. 

Here, and throughout this paper, all power series are convergent in a neighbor- 
hood of the origin. The goal of this section is to prove the following proposition. 

Proposition 3.1. For any t-tuple (ii,...,it) of positive integers with 1 < «i < 
■ • • < it < s, the origin is an isolated fixed point of f m n— m n 1 

(3.3) n rH -™ it (0) = (m n + 1) . . . (m it + 1), 
and 

(3.4) P mil ...m h (/, 0) = m n . . . m it . 

To prove this result, we first introduce two known results and prove Lemma 13.21 

Lemma 3.1 (H3). Let hi, h% <E C(A", C n ). If the origin is an isolated zero of both 
hi and hi, then the zero order of hi o ft, 2 oi the origin equals to the product of the 
zero orders of hi and hi at the origin, say, 7T/ ilO / l2 (0) = 7r/ tl (0)7Th 2 (0). 

Theorem 3.1 (Cronin [S]). Let mi,...,m n be positive integers and let P = 
(Pi, . . . , P n ) : A™ — > C" be a holomorphic mapping given by 

oo 

P 3 (zi, z n ) = Y p ]k(zi, ■■■ , Zn), j = !,-■■ ,n, 

k—rrij 

where each Pjk is a homogeneous polynomial of degree k in Zi, Z2, ■ ■ ■ , z n . If = 
(0, . . . ,0) is an isolated solution of the system of n equations 

P ]mj (zi, . . . , Z n ) = 0, j = 1, . . . , n, 

then the origin is an isolated zero of the mapping P with order 

7Tp(0) = mimi . . . m n . 

^For the nxn matrix A = (ay), a k X k submatrix B = (b s t ) = (<H S j t ) of A is called a principal 
submatrix of A if it is obtained from A by deleting some n — k rows and deleting the columns in 
the same order, say, i\ = ji, ■ . ■ ,ik = jk- 
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Lemma 3.2. Let k be a positive integer. Then the k-th iteration f k = (fi , . . . , fn^ ) 
of f also has the form together with Conditions Iff. 51 — 1 3. 51 say precisely, the 

components of f k is given by 



(3.5) 



ff ] (x 1 ,...,x n ) = XjXj + fcA* l Xj E-=i a jiX ?* + of , 1 < j < s, 
fr k \xi, . . .,x n ) = (jfix r + Rl k \ s + 1 < r < n, 



(k) 



where Aj, . . . , A s , . . . , /U n , dji are the numbers in i)ff. 1}) . each of satisfies Con- 

dition and each R,f satisfies Condition \3.5\ 

Proof. The conclusion is obvious for r = s + 1, . . . , n. By the assumption on the 
mapping / = (/i, . . . , f n ), for each j = 1, . . . , s, we can write 



fj( x 



j 1 • ■ • i ""n ) 



\ j + '£a ji xr+h j (x?\...,x™°) 



+ o'Jxi, . . .,x n ), 



where hj and o'j are given in Condition 13.41 It is clear that the terms in the 

power series /. (x\, . . . , x n ) affected by o\ (xi, . . . , x n ), i = 1, . . . , s, in the iteration 

process are all of degree > (mi . . . m s ) 2 . Therefore, we may assume that the terms 
0^,1 = 1, ... , s, are all zero. Then, we can complete the proof by showing that 



(3.6) &\xi, . . . ,x n ) = Xj 



x k + kx*- 1 + hf ] (xr , . . . , xt° ) 



for each j = 1, . . . , s, where hf (x™ 1 , . . . , x" ls ) is a polynomial, in a;™ 1 , 
that has the form of H3.2(l . The proof is by induction on k. 



For k = 1, the conclusion is trivial. Assume that l|3.6|l holds for k = I and hfp is 



in the form of Then, 



A ^ + lx \ rl E a */r + h j ((A) mi > • • • > (/^) ms ) 



For each i = 1, . . . , s, considering that A™ 1 = 1, we have that 

{fi{ x l j ■ ■ ■ j x n )) — x,i 1 + P^Sj^ 1 , . . . , x s 3 ), 

where pj (a:™ 1 j • • • j x T" ) ^ s a power series in x" 11 , . . . , £™ s having the form of (|3.2|) 
(note that we assumed o\ = 0). Thus, it is obvious that there exist polynomials 
qf +1) and hf +1 \ in x™\ . ..,xf", having the form of J22J, such that 



fj (#1 j • • * ) %n) 



x j \ x i + E a i^r + ^ or 1 . ■ ■ ■ . x 7 s ) 
A !- + ^ E "i^r + « L . ■ ■ ■ ' ^ a ) 

s 

A< +1 + (I + 1) A< £ a ]% xT + h { j +1) (xT 1 ,...,xT') 



This completes the induction. 



□ 
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Proof of Provosition \3 '. H For each t = 1, . . . , s, we first prove (|3.3[l for the t- 
tuple (it, ■ .., it) = (1, 2, ... , £). 

By Lemma [3.21 putting M = mi ...wit and / A/ = (/{; , . . . , /« ), we have, 
for j = 1, . . . , s and r = s + 1, . . . ,n, 

r /j M ) (xx, . . . , z n ) = xf Xj + \iyf e -=i + °5 M) . 

1 ri M \xt,...,x n )=^x r + Bl M \ 



(3.7) 



where, each o^' = oj- (xi, . . . satisfies Condition 13.41 and each i?£ M ^ = 

i?r (zi, • ■ • , %n) satisfies Condition 13. 51 

By Condition 13.11 we have Xj 1 = 1 for j = l,...,t, and Xj' 1 =/= 1 for j 

I ■ 1, . . . , s. Then by l|3.7|l . putting ft M ' = ft M '(xt, ...,x n ) for i — 1, . . . , n, we 
have 



(3.8) 



j.(M) _ ^_ _ ^ jjjgjjgj. terms) _|_ ( M ) ) t+1 < j < S, 

fr — x r = e r x r + Rr M \ s + 1 < r < n, 



where Cj = MXf^ 1 ^ for j = 1, . . . , t, d 3 ■ = Xf - 1 ^ for j = t + 1, . . . , s, and 
e r = /i^ - 1 ^ for r = s + 1, . . . , n (by Condition EHjl . 
Let -ff : C™ — > C™ be the mapping 

M M 

(xi, . . . , X n ) = H(z\, . . . , 2 n ) = (z^ 1 , . . . , Z t , . . . , z s , • • • , 2 n ). 

Since for each j < s,Oj M ^ satisfies Condition 13.41 each term of the power series 
c/ M ' = Oj (xt, ... ,x n ) is either a monomial of the form 

CiXjX? 1 * 1 . . . x^ tH x^+ lH+1 . . . x™'** with h + ■ ■ ■ + i s > 2, 
or a monomial of the form 

C 2 x\ 1 x 2 Z2 ■■■x* n with kt + k 2 H h k n > (mi . . . m s ) 2 , 

where C\ and C 2 are constants; and therefore, each term of the power series Oj ^ ° 
H(zt, . . . , z n ) is either a monomial of the form 

r< -, a i Mmt+iit+i „Mm s i B 

°l Z j Z l ■■■Zt Z t+1 ■•• Z s 

(a 3 ; = e N if 1 < j < t, or ay = M if f + 1 < j < s) with degree > 2M, or a 
monomial of the form 

r r ^T fel y ^k kt Mk t + i Mk B k s + 1 k n 

i_/2^i • • • *t • • • ^ s ^s+1 • • • *"n 

with degree > (mi . . . m s ) 2 > (mi . . . m t ) 2 > 2M (note that all rrij > 2), and then, 
o^ 1 ^ o H(zt, . . . , z„) is a power series in Zt, ■ ■ ■ , z„ such that each term has degree 
> 2M. 

On the other hand, it is obvious that i?[ M ^ o H(z\, . . . , z n ) is a power series in 
Zt, ■ ■ ■ , z n consisting of terms of degree > 2, for each r = s + 1, . . . , n, by Con- 
dition an d for each j = 1, ...,t, it is also obvious that, after applying the 
transformation H, Y]^—t a ji x T i IS changed into 

t s t 

^^a^zf 4 + ^2 a 3i z T iM = ^2 a ii z i { + higher terms. 

i=l i=t+l i=l 
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Therefore, putting 

(3.9) G M = (9i,...,9n) = (id — f M ) o H = H — f M o H, 
by l|3.8J) we have 

( M 

gj(zi, ...,z n ) = -CjZp Z)»=i a ji z i 1 + higher terms, 1 < j < t, 

(3.10) < gj(zi, ■ ■■ , z n ) = —djZj' 1 + higher terms, t + 1 < j < s, 

g r (zi, . . . , z n ) = —e r z r + higher terms, s + 1 < r < n. 

By Condition 13.31 the t x t principal submatrix {a,ji)i<j^<t of the s x s matrix 

(aji) is invertible. Thus, = (0,...,0) is an isolated solution of the system of 
simultaneous equations: 

M 

-CjZp E*=i«^f =0, 1 < j < t, 

-Ajzf = 0, < + 1<j<s, 

— e r z r =0, s + 1 < r < n. 

Thus, by Cronin's Theorem and (|3.1(J|) . the origin is an isolated zero of Gm with 
order 

*g m (o) = M°-> n ( — + m \ = —— nu + = nc 1 + 

j=i i / j=i j=i 

and then the origin is an isolated fixed point / . On the other hand, the zero order 
of H at the origin is n H (0) = mi M ° mt = M s_1 . Thus by Lemma |3~T1 and we 
have 

t 

M/mi ... mt (0) = ^m(0) = 7T id _ / M(0) = 7r GM (0)/7T H (0) = [](1 +mj). 

3=1 

This implies (|3.3|l for the i-tuple (ix,. ■ ■ ,it) — (1, . . . , f). 

Now, let i be any positive integer with t < s. We show that (|3.3(l holds for any 
t-tuple (ii, . . . , it) of positive integers with 1 < i\ < ■ ■ ■ < it < s. Let 

(wx, ...,w n ) = h(xx, ...,x n ) = . 

be a transformation given by a permutation er of {1, . . . , n} with 

cr(j) = ij for j = 1, . . . , t, and a(j) = j for j = s + 1, . . . , n. 

Then in the new coordinate w = (wi , . . . , w n ), the original mapping / = (/i ,...,/„) 
is changed into / = (/i, . . . , /„) = ho f o with 

| //(Wl, ■ • • , Wn) = K(j)Wj + Wj Yh=i a a{j)<T{i)'Uh'' W +Oj, j = 1, . . . , S, 
I fr{ w li ■ ■ ■ i w n) — HrW r + R r , S + 1 < T < S, 

where dj = Oj(wx, ■ ■ - ,w„) = o a ^(w a -i^x), ■ ■ . ,w CT -i(„)) andi? r = R r {wi, . . . ,w n ) = 
i2 f -(tu (7 -i(i), . . . , io„-i(„)). This is also in the form of (|3.1|) and all the corresponding 
Conditions 13 . 1 1 f3 . 51 are satisfied, but with a modification that Ai, . . . , A s , m±, . . . , 
m s , a^, (xi,...,x s , x s+ x,...x n ) are just replaced with A ct(1) , ...,A ct(s ), m^, 
m (j(s)i a a(j)a(i)i i w i> ■ ■ ■ ,w s , w s +i, . . . , w n ) , respectively. Then the above process 
for the special t-tuple (1, . . . , t) applies to /, and then we have 

t t 
Hjm H ... mH (0) = MfMD -"Mt> (°) = II^O') + 1 ) = Y[( m h + !)■ 

3=1 3=1 
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Therefore, by Lemma f2. 81 we have /iy,m <1 ...m ii (0) = /Ujm il ...m it (0) = n5=i( TO » 3 + !)■ 
This completes the proof of l|3.3[l . 
To prove J23JI, let 

Tlf = {m £ N; the linear part of / at has a periodic point of period m}. 

Then by Conditions 13.11 13.21 and Lemma 12.51 071/ is the set consisting of 1 and 
all possible products of mutually distinct numbers taken from the distinct primes 
mi, . . . , m s , and then by l|3.3|l and Lemma l2~7l for any i-tuple . . . , it) of positive 
integers with 1 < i\ < ■ ■ ■ < it < s, we have 

t 

fc=l l<3'i<-<2»,<i 

where the last sum extends over all /c-tuples (ji, . . . , jk) of positive integers with 
1 < ji < • • • < jk < t. On the other hand, by the assumption on /, the origin 
is a simple fixed point of / and so Pi(f, 0) = ^/(0) = 1. Therefore, expanding 
+ m^) and rewriting the above equation, we have 

t-i 

Pm H ...m H (f, 0)=m il ... m it + ^ ^ (m,,, ■ ■ ■ "ii 3fe - Pm Zji ...m ijk (f, 0)). 

fc=i i<ji<— <j h <t 

By the above equation, after a standard process of induction on t < s, we have 
■Pro*! ...ro« (/i 0) — m ii • • • m i t ■ This completes the proof. □ 

4. Normal forms and perturbations 

In this section we shall combine the normal form method and the perturbation 
method to improve Proposition ^. II say, to prove the following Proposition, in which 
Condition 13. II is weakened to be (B) and Conditions 13 . 21 — 13 . 51 are removed. 

Proposition 4.1. Let f : A" — ► C™ be a holomorphic mapping. Assume: 

(A) . Df(0) is a diagonal matrix. 

(B) . 13/(0) has eigenvalues \\, . . . , A s that are primitive mi-th, . . . ,m s -th roots 
of unity, respectively, and mi, . . . , m s are positive integers. 

(C) . The origin is an isolated fixed point of both f and f M , where M = [mi, ■ ■ ■ ,m s ] 
is the least common multiple of mi, . . . , m s . 

Then P M (f,0) > 0. 

The idea to prove this proposition is to reduce the problem into the easier one 
considered in Section^ by small perturbations and coordinate transformations. We 
shall perform this in two steps. The first step is to use the normal form method, 
Proposition 13.11 and some results in Section [21 to prove Lemma 14.31 which is a 
weaker version of Proposition 14.11 The second step is to use Lemmas I4.3H4.7I and 
some results in Section |2 to complete the proof of Proposition 14.11 

The following result is well known in the theory of normal forms (see pQ, p. 
84-85). 



FIXED POINT INDICES AND PERIODIC POINTS 



17 



Lemma 4.1. Let f : A™ — > C" &e a holomorphic mapping such that /(0) = and 
Df(0) = (Ai, . . . , A n ) is a diagonal matrix. Then for any positive integer r, there 
exists a biholomorphic coordinate transformation in the form of 

(yi, ...,y n ) = H(xi, . . .,x n ) = (xi, ...,x„) + higher terms 

in a neighborhood of the origin such that each component gj of g = (gi, . . . ,g n ) = 
o / o H has a power series expansion 

r 

9j(xi t ...,x n ) = XjXj + ^2 c n...i n x i ■ ■ - x n + higher terms, j = l,...,n, 

in a neighborhood of the origin, where the sum extends over all n-tuples (ii, . . . , i n ) 
of nonnegative integers with 

2 < h H h i n < r and Xj = A* 1 ...X%. 

Lemma 4.2. Suppose that Ai, . . . , X s satisfy Condition \3.1\ and that (ii, . . . , i 8 ) is 
an s -tuple of nonnegative integers. Then for each j < s, 

(4.1) X j A* ...A: 
if and only if 

(4.2) mj\(ij — 1), and mk\ik for each k < s with k j. 

Proof. Recall that Condition ^. ll states that Ai, . . . , A s are primitive mi-th, . . . , m s - 
th roots of unity, respectively, and mi, ■ ■ ■ ,m s are mutually distinct primes (and 
thus all rrij > 2). Thus, l|4.2|) implies l|4.1|) and we can write 

A fe = e m k , k = 1, . . . ,s, 

where % = y/—l and each pk is a positive integer with pk < . 

For given j < s, if 1|4.1|) holds, then putting nj = ij — 1 and putting — ik for 
each k < s with fc ^ j, we have 

Ar...A^=e 27ri (^ + - +£ e)=l, 

and then 

l _ Pini p s n s 



mi m s 

is an integer, and then for each subscript t with 1 < t < s we have 



Ptn t mj + mt}^pmh J\ m i = ' H' 



For each i < s, since pt is a positive integer with p t < m t and mi, . . . , m s are 
distinct primes, PtYij=i j^t m j ana - m * are relatively prime. Thus, m t divides nt- 
This completes the proof. □ 

Corollary 4.1. Let f : A™ — » C n fee a holomorphic mapping with /(0) = and 
assume: 

(2t;. D/(0) = (Ai,...,A s ) is a diagonal matrix. 

(*&)■ Ai, . . . , A s satisfy Condition \S.l\ 

(<£.). For any n-tuple (ii, . . . , i s , i s +i, ■ ■ ■ , i n ) of nonnegative integers, 
Xj = X\ x . . . A* s /4+i ■ ■ ■ Mn™ ==> i s +i = ■ ■ ■ = i n = 0, for each j < s. 
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Then, there exists a biholomorphic coordinate transformation in the form of 

(4.3) (yi,. ..,y n ) = H(x u ...,x n ) = (x\, ...,x n ) + higher terms, 

in a neighborhood of the origin, such that the components of g = (gi, . . . , g n ) = 
H _1 o / o H are in the form of 

gj{x\, • • ■ , x n ) — x j X/j=i j — 

m a neighborhood of the origin, where each bji is a complex number, each Oj — 
Oj(xi, . . . , x n ) satisfies Condition \3.4\ and each R r = R r (x\, . . . , x n ) satisfies Con- 
dition VS. 5\ 

Proof. By (21) and Lemma f4. II there exists a biholomorphic coordinate transfor- 
mation H in the form of (|4.3(l in a neighborhood of the origin, such that each 
component of g — (<?i, . . . , g n ) = H^ 1 o f o H has the expression 

(mi ■ ■ -ni s ) 2 

(4.4) 9j(xi,. . . , x n ) = XjXj + 4t...i s i, +1 ...i n x i ■■■ x l Sx l+i ...x% +o^- 

> 1 +---+i„=2 

for j = 1, . . . , s, and 

g r {xi, ...,X n ) = tl r X r + Rr, for T = S + 1,...,H, 

in a neighborhood of the origin, where each o' - is a power series in X\, . . . , x n con- 
sisting of terms of degree > (mi . . . m s ) 2 , each R r is a power series in x\, . . . , x n 
satisfying Condition 13. 51 and the sum in (|4.4|l extends over all n-tuples (ii,...,i n ) 
of nonnegative integers with 

(4.5) 2 < ij + • ■ ■ + i n < (mi . . . m s ) 2 and Xj = A* 1 . . . X\ s fa+{ . . . fa . 

For each j < s and any n-tuple (i\, . . . , i n ) that satisfies l|4.5|l . by (£) we have 
i s+ i = • • • = i n = 0, and then by (25) and Lemma 14.21 we have mj\(ij — 1) and 
mk\ik for each k < s with k ^ j. Thus, for each j < s, (|4.4(l precisely means that, 

<7j [x\ , . . . , x n ) = Xj Xj + SjPj (a^ 1 , . . . , x s B ) + Oj , 

where Pj (x™ 1 , . . . , a;™" ) is a polynomial in a;™ 1 , . . . , x" ls , and then we can write 

5 

9j (Xl , . . . , X n ) = XjXj + X-j Y hi X T* + h 3 ( X T' >■■■, X T" 

i=l 

where hj (a;™ 1 , . . . , a;™ 3 ) is a polynomial, in x™ 1 , ... , a;™ 3 , in the form of 1|3.2|) . This 
completes the proof. □ 

Lemma 4.3. Let f : A™ — > C" 6e a holomorphic mapping. Assume: 

(a) Df(0) — (Ai, . . . , A rl ) is a diagonal matrix. 

(b) Ai, . . . , X s satisfy Condition \S.1\ Ai, . . . , A s are primitive mi-th, . . . , m s -th 
roots of unity, respectively, and m\ , . . . , m s are mutually distinct primes. 

(c) The origin is an isolated fixed point of both f and ^ f "i"" m «. 
Then P mi ... m ,(f,0) > 0. 
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Proof. It is clear that for the complex numbers Ai, . . . , X s , the set of all (n — s)- 
tuplcs . . . , /in) of complex numbers so that condition (£) in Corollary 14.11 

fails is a subset of C"~ s with 2(n — s)-Lebesgue measure zero. Therefore, for any 
e > 0, there exist complex numbers fx s +i, ...,//„ such that 

n 

(4.6) Y, \^-\k\ 2 <e\ 

k=s+l 

that Condition 13 . 21 holds for . . . , (J, n , and that condition ((£) in Corollary 14.11 

holds for the n-tuple (Ai, . . . , A s , /U s +i, . . . , fi n )- 

Let f e (zi, . . . , z n ) be the mapping obtained from f(z\, ■ ■ ■ , z n ) by just replacing 
the linear part of / with (Ai^i, . . . , X s z s , fj, s+1 z s+1 , . . . , fi n z n ), say, 

f £ (zi, . . . , Z n ) - f(zi, ...,Z n ) = (0,...,0, (fi 3+ l - A s+ i) z s+1 , . . . , (p n - A„) z n ). 

Then f e satisfies all the assumptions in Corollary 14. II with 

Df e (0) = (Ai,...,A s ,/x s+ i,...,/x n ), 

and then there exists a biholomorphic coordinate transformation in the form of 

(zi, ...,z n ) = H e (xi, ... , x n ) = (xx, ...,x n ) + higher terms, (xi, . . . , x n ) S B, 

where B is a ball centered at the origin, such that g e = (g±, . . . , g n ) = H~ x o f B o _ff £ 
has the expression 

J 9ji.^1j ■ ■ ■ 7 ^n) ^j^j 2^z^l bji^i ®3 i — f 7 ■ ■ ■ 7 ^7 

[ g r (xi, . . . ,x n ) = yu r a; r + i? r , r = s + 1, . . . ,n, 



(4.7) 



on B, where each bji is a constant, each Oj is a power series satisfying Condition 
13.41 and each R r is a power series satisfying Condition 13. 51 

g e is in the form of l|3.1|l . together with the associated Conditions 13.11 EOl 13.41 
and 13. 51 Condition 13 . 31 may not be satisfied, but for any fixed g £ , by just modifying 
the numbers bji in (|4.7|l slightly, we can construct a sequence {gk.e} C 0(B,C n ), 
uniformly converging to g e on B as k — > oo, such that each g% )E is in the form of 
(|3.1I) together with all Conditions 13 . 11 — 13 . 51 

Now, Proposition 13 . II applies to each gk.e, & n d then we have 

Pra i . . . m s 

which implies, by Lemma 12.81 that 

P mi ... ms {He°g k ,soH-\o) > 0. 

But it is clear that, for fixed f e and H e , HgOgk^oH^ 1 converges to H e og e oH~ 1 = / e , 
uniformly in a neighborhood of the origin as k — > oo. Thus by Corollary 12. 41 

(4.8) P m ,..m s (/ e ,0)>0, 

provided that the origin is an isolated fixed point of both f e and f™i--- m <> . By (|4.6|l . 
f £ converges to / uniformly in a neighborhood of the origin as e — > 0, and then by 
(c) and Lemma f2. II for sufficiently small e, the origin is an isolated fixed point of 
both f e and fgn—™*. Hence, (I4.8|l holds for sufficiently small e, and hence by (c), 
the convergence of f e and by Corollary 12. 41 

iV..m.(/,0) >0. 

This completes the proof. □ 
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Lemma 4.4. Let X be a set, let f : X — > X be a mapping and let m be a positive 
integer. If p is a point in X such that f m (p) = p, then p is a periodic point of f 
and the period is a factor of m. 

Proof. This follows from the definition of periods in Section ll.il □ 

Lemma 4.5. Let X be a set, let f : X — > X be a mapping and let m* and n\ be 
positive integers. If p is a point in X such that 

(4.9) r ni ( P )=P, 

and p is a periodic point of f m of period n\ , then p is a periodic point of f with 
period mrii, where m is a factor of m* . 

Proof. Assume that p is a periodic point of / of period L, say, L is the least positive 
integer such that f L (p) — p. Then, L\ (m*ni) by (|4.9|l and Lemma [4.41 and then 
L can be factorized into L = mn' , where m and n' are factors of m* and ni, 
respectively. 

Putting d = m* /m, we have 

v = f L (p) = f dL (p) = f dmn \p) = r' n '(p) = (r'r'(p), 

and then n 1 > n\, for n\ is the least positive integer such that (f m ) ni (p) = p. 
Therefore, n' — n\. This completes the proof. □ 

Lemma 4.6. Let ~X.be a set, letn\, . . . ,n s be mutually distinct primes, let fx, . . . , r s 
be positive integers, let f : X — > X be a mapping and assume that p G X is a periodic 
point of f™ 1 ■ with period m...n a . Then p is a periodic point of f with 

period n^ 1 . . . n r s s . 

Proof. By the hypothesis, we have 

r i (p) = (r 1 - n/ ) (p)=p. 

Thus, p is a periodic point of / and we assume that the period is L. Then by Lemma 
14.41 L divides n^ 1 . . . n r s s . 

v' 1 

Since n\, . . . , n s are distinct primes, we have L = r?, 1 1 . . . n s 3 for some nonnegative 
integers r[, . . . ,r' s with r'j < rj for all j < s. We must show that r'j = rj for all 
3 < s - 

Otherwise, r'j < rj for some j < s. Without loss of generality we assume that 
r'i < r\. Then n^ 1-1 ^ 2 . . . n r s 3 is a multiple of L and then 

r ? ~ ln > - <8 (p)=p, 

in other words, 

yf n " 2 ~ n > ) (p)=P, 

r 1 -1 r a -1 r s - 1 

which contradicts the assumption that p is a periodic point of J™ 1 ™ 2 

with period niri2 ■ ■ ■ w s (note that all rij are distinct primes and then all rij > 2). 

This completes the proof. □ 

Lemma 4.7. Assume that mi, ... , m s are positive integers such that for each j < s, 
M = [mi, . . . ,m s ] > [mi, . . . , m^-i, rrij+i, . . . ,m s ]. 
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Then there exist factors M* and M** of M, mutually distinct primes ni, . . . ,n s , 
and positive integers r*i, . . . , r s , n'i, . . . , n' s) such that for each j < s, 

(4.10) \rrij but \ rrij, and j for all k < s with k ^ j, 



(4.11) M = M* JJ nj = M** Y[ n? , 

3 = 1 3 = 1 



till 



d 



M* n\ 

(4.12) = with (n,, n'A = 1, j = 1, . . . , s. 

rrij n, ] 

Here, (rij , n'j ) denotes the greatest common divisor of nj and n'j . 

Proof. By the assumption, for each j < s, there exists a prime nj and a positive 
integer rj such that (|4.10|l holds. Then, it is clear that all the primes n\, . . . , n s are 
distinct each other. Therefore, n^ 1 . . . n r s s is a factor of M = [mi, . . . , m s \, and then 
M* = [mi, . . . , m a ]rii ...nj 1 and M** = [mi,...,m s ]ii^ I1 ...!J s " r ' are positive 
integers satisfying (|4. 1 1|1 . 

It remains to show the existence of n\,...,n' s so that (|4.12|) holds. By l|4.10|l . 
for each j < s, there exists a positive integer m** such that 

(4.13) mj — m**n\ 31 . . . n r s js with rjj = rj, 
and 

(4.14) (m**, ni ...n s ) = l. 
Then, again by (|4.1()(l . we have for each j < s, 

(4.15) rj = rjj > rfcj, for each k < s with k =/= j. 

Therefore, considering that n\, . . . , n s are mutually distinct primes, by (|4. 13|) — (|4. 15|) 

we have 



V 



M = [mi, ...,m s ] = [ml*, . . . ,m**] ]^[ ' 

3 = 1 

This implies that M* = [m**, . . . , m**] n^=i n 7 j ~ ' an< ^ tnen > f° r eacn ^ < s j by 
(|4.13[) we have 

m* [mr,-..,mrmu n ?~ l n' 



m k m k rii . . . n s n k 



where 



n 

3 = 1 
3^k 



which is a positive integer by (|4.15l) . Since n\, . . . ,n s are mutually distinct primes, 
by the previous equality and (|4.14|) we have (n' k ,nk) = 1. This completes the 
proof. □ 
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Proof of Proposition \4-l\ Assume that / : A" — > C™ is a holomorphic mapping 
that satisfies conditions (A)-(C) stated in Proposition 14.11 

(A) . Df(0) is a diagonal matrix. 

(B) . Df(0) has eigenvalues Ai, . . . , A s that are primitive mi-th, . . . , m s -th roots 
of unity, respectively. 

(C) . The origin is an isolated fixed point of both / and f M , where M — 
[mi, • • • , m s ]. 

We shall show that 

(4.16) P M (/,0)>0. 

Since Pm (/, 0) is completely determined by the local behavior of / at the origin, 
we may assume that / is holomorphic on A n , by shrinking A™. 

By Lemma \'Z. 81 any linear coordinate transformation does not change Pm(/, 0). 
Therefore, it is without loss of generality to rewrite the conditions (A) and (B) to 
be the following conditions (D) (F). 

(D) . Df(0) — (Ai, . . . , A s , A s+1 , . . . , A„) is a diagonal matrix. 

(E) . Ai, . . . , X s are primitive mi-th, . . . , m s -th roots of unity, respectively. 

(F) . mi, . . . , m s satisfy the assumption in Lemma 14.71 

Then all conclusions in Lemma f4. 71 hold: there exist factors M* and M** of M, 
mutually distinct primes m, . . . , n 8 , positive integers ri, . . . ,r s , n'i, . . . ,n' s , such 
that H4.1()[1 - I|4.12JI hold. Therefore, the following condition also hold. 

(G) . If L is a positive integer that is the least common multiple of some numbers 
in {mi , ■ ■ ■ , m s } and is divided by n^ 1 . . . n r s " , then L = M. 

Then, by (C), (D) and Lemma 12. II for any positive number e, by just modifying 
Ag+i, . . . , A„ of the linear part of / at the origin, we can construct a holomorphic 
mapping F : A" — > C™ such that the origin is an isolated fixed point of both F and 
F M , 

(4.17) ||F-/||^= max |F(a:) -/(a:)|< e, 

ieA" 

and 

(4.18) DF(0) = (Ai,...,A s ,/i s+ i,...^n), 
where /i s +i, . . . , fi n are complex numbers with 

(4.19) \nr\^l,r = s + l,...,n. 

If we can prove Pm(F, 0) > 0, then by H4.17[) . the arbitrariness of £ and Corollary 
12.41 we shall have (|4.16() . In the rest of the proof, we shall show P M (F,0) > 0. 

Since the origin is an isolated fixed point of F and F M , there exists a ball B C A™ 
centered at the origin with B C A™ , such that F, F M and F M are well defined on 
B, that 

(4.20) F k (B) C A" for all k = 1, . . . , M, 
and that 

(4.21) Fix(Py = Fix(P Ar y = Fix(P M y = {0}. 

It is clear by l|4.12|l and (E) that A^ , . . . , A^ are primitive ni-th, . . . , n s -th 
roots of unity, respectively, and since ni, . . . ,n s are distinct primes, X^ 1 , . . . , Af 1 
satisfy Condition 13 . II for the s-tuple (m, ... ,n s ). On the other hand, by H4.18(l . 

DF M *(o)=(\r,...,\r,^ + \,---,^*)- 
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Therefore, by l)4.21[l . Lemma \A . 31 applies to F M , and then 

(4.22) P ni ...n s (F M * , 0) > 0. 

By (EL"2"Tj) and LemmallOl there exists a sequence {Fj} C 0(A", C"), converging 
to F uniformly, such that all fixed points of Fj in B are hyperbolic. 

By (I4.21|l and Corollary 12.41 if we can prove the following conclusion (H), we 
shall obtain the inequality Pm(F, 0) > immediately. 

(H). For sufficiently large j, each Fj has a periodic point pj of period M con- 
verging to the origin as j — ► oo. 

For sufficiently large j, F- is well defined on B by l|4.2U[) . and uniformly con- 
verges to F M " on F. Thus by @23J, and Corollary O (hi), for sufficiently 
large j, F AI — (Fj )"!•••"« has no fixed point on dB and 

i'm.-n. (Fj** \b) = P m...n s (F M * , 0) > 0. 

Then, by Lemma \'2. 41 (ii), for sufficiently large j, Fj has a periodic point pj G F 
of period n\. . .n s . And furthermore, by 14.21|) . by the formula 

(4.23) Ff fe) = Ff = (F;<y ' ( P j) = Pj , 

and by the fact that Fj 1 uniformly converges to F M on B, we have 

(4.24) pj — > as j oo. 
Thus, by (|4.11|l . Lemma T4. 61 and by the formula 

is a periodic point of with period n^ 1 . . . n r s s . On the other hand, by (|4.11|) 

and 14.23fl we also have 

F M~< 1 ~<' {pj) = F M {p . )=p ., 

Therefore, by Lemma 14.51 Pj is a periodic point of Fj of period Lj — IjU^ 1 . . . n r s s , 
where lj is a positive integer dividing M**. 

Since lj is a bounded sequence of positive integers, by taking subsequence, we 
may assume that all lj equal to a fixed positive integer I, say, for each j, pj is a 
periodic point of Fj of period L with 

(4.25) L = ln r 1 1 ...n r /. 

Now that each has a periodic point ^ of period L satisfying (j4.24|l and Fj 
converges to F uniformly, by Corollary 12.51 the linear part of F at the origin has 
a periodic point of period L, and then by (E), (|4.18|) . I|4.19|l and Lemma \'2. 51 L is 
the least common multiple of some numbers of mi, . . . , m s , and hence by (G) and 
(|4.25|l . we have 

L = M = [mi, . . . , m s ], 

say, pj is a periodic point of Fj of period M, and then the statement (H) is proved. 
This completes the proof of Proposition 14. II □ 
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5. Proof of Theorem ll.il 

Proof of Theorem M . 1\ By shrinking A™, we may assume, without loss of gener- 
ality, that / is holomorphic on A™ and the origin is the unique fixed point of both 
/ and f M in A™. Since the conclusion in Theorem 11.11 trivially holds for M = 1, 
we also assume M > 1. 
If 

(5.1) P M (/,0)>0, 

then by Corollary 12.41 (c), there exist a ball B C A" centered at the origin and a 
sequence {fj} C 0(B, C") such that fj converges to f\g uniformly and each fj has 
a periodic point Pj of period M with pj — > as j — > oo. Thus, by Corollary 12.51 
the linear part of / at the origin has a periodic point of period M. This proves the 
necessity in Theorem ll.il 

To prove the sufficiency, assume that the linear part of / at the origin has a peri- 
odic point of period M. Then, by Lemma 12 . 51 there exist mutually distinct positive 
integers mi, . . . , m a , s < n, such that M = [mi, . . . , m s ] and Df(0) has eigenvalues 
Ai, . . . , A s that are primitive mi-th, . . . , m s -th roots of unity, respectively. 

Thus it follows from Corollarv l2.ll by modifying the linear part of / slightly, we 
can construct a sequence of holomorphic mappings fj : A" — > C™ converging to / 
uniformly, such that for each j, the origin is an isolated fixed point of both fj and 
fj 1 , Dfj(0) can be diagonalized and Ai, . . . , X s are still eigenvalues of Dfj(0). This 
is possible because we have assumed that mi, . . . , m s are mutually distinct, which 
implies that Ai, . . . , X s are different from each other. 

Then, there exists a sequence of invertible linear transformations Hj such that 

is a diagonal matrix. On the other hand, by Lemma l2~51 the origin is still an isolated 
fixed point of both HJ 1 o f 3 o Hj and (HJ 1 o fj o Hj) M . Thus by Proposition |4~T1 

PmiHJ 1 o fj o Hj,0) > 0, for Ai, . . . , A s are primitive mi-th, . . . , m s -th roots of 
unity and M = [mi, . . . , m s ]. This implies, by Lemma 12.81 that 

P M (fj,0)>Q. 

Hence by the convergence of fj and Corollaries 12.41 we have Pm(/, 0) > 0. This 
completes the proof of the sufficiency. □ 

6. Appendix 

Let U be a bounded open subset of the real vector space M" containing the 
origin, g : U — ► M™ a continuous mapping with an isolated fixed point at the origin 
and let B be an open ball in U centered at the origin such that g has no other fixed 
point in P\{0}. Then the local Lefschetz fixed point index /%(0) of g at the origin 
is defined to be the topology degree of the mapping 

x - g(x) 

x I — > 

\x-g(x)\ 

from the (n — l)-sphere dB into the unit (n — l)-sphere in K n . If, in addition, g is 
a C 1 mapping, then 

p g (Q)= sga det(I - Dg(x)), 

x£B, x — g(x)—q 
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where q S R™ is a regular value (of the mapping x i — > x — 5(x)) that is sufficiently 
close to the origin, I is the n x n unit matrix and Dg(x) is the differential of g at 
the origin, which is identified with the Jacobian matrix (see [SJ and 

If the fixed point set Fix(g) of g is a compact subset of U, then one can find a 
continuous mapping / : U — ► R" sufficiently close to gr such that Fix(/) is finite and 
is contained in {/, and then one can define the global Lefschetz fixed point index of 
g to be 

PS(7, f(p)=p 

This number is independent of /, when / is close to g enough. 

If for a positive integer M, the origin is an isolated fixed point of both g and g M , 
then the local Dold's index 

p M (g,o)= ]T (-i)# T /v^(o) 

tCP(M) 

is well defined. 

If the fixed point set Fix(g M ) of g M is a compact subset in U, then for each factor 
m of M, since the fixed point set Fix(g m ) is a closed subset of Fix{g M ), Fix(g m ) 
is again a compact subset of U, and then the Lefschetz fixed point index L(g m ) is 
well defined, and so is the Dold's index 

Pm{ 9 )= £ {-l)# T L{g M ^). 

tCP(M) 

This number is studied by several authors (see [5], 0, ^21 arL( l The impor- 

tance of the number Pm(s') is that, when Pm(9, 0) ^ 0, any continuous mapping 
gi : U — > R" sufficiently close to g has periodic points near the origin with period 
M when M is odd, and period M or M/2 when M is even, provided that each fixed 
point of g^ 1 near the origin is of index +1 or —1 (see 0). 

When g is a holomorphic mapping from U C C™ into C™, the above definitions 
for fig(p), PM{g,p) and Pm(^) agree with the definitions in Sections and (see 
and [HI). 
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